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Abstract: Aeroelastic energy harvesting can be used to power wireless sensors embedded into bridges, ducts, 
high-altitude buildings, etc. One challenging issue is that the wind speed in some application environments is 
low, which leads to an inefficiency of aeroelastic energy harvesters. This paper presents a novel nonlinear 
magnetic-coupled flutter-based aeroelastic energy harvester to enhance energy harvesting at low wind speeds. 
The presented harvester mainly consists of a piezoelectric beam, a two-dimensional airfoil, two tip magnets and 
two external magnets. The function of magnets is to reduce the cut-in wind speed of the flutter-based aeroelastic 
energy harvester and enhance energy harvesting performance at low wind speeds. A theoretical model is 
deduced based on Hamilton's principle, theory of aeroelasticity, Kirchhoff's laws and experimental 
measurements, etc. A good agreement is found between numerical simulation and experimental results, which 
verifies the accuracy of the theoretical model. Stability analysis is provided to determine the characteristics of 
the presented harvester. More importantly, it is numerically and experimentally verified that the presented 
harvester has a much lower cut-in wind speed (about 1.0 m/s) and has a better energy harvesting performance 
at a low wind speed range from 1.0 m/s to 2.9 m/s, when compared with traditional flutter-based aeroelastic 
energy harvesters. 
Keywords: Aeroelastic energy harvesting, magnetic coupled, nonlinear modeling, broadband, enhance 
harvesting efficiency 
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Energy harvesting has been receiving more and more research interests in the past ten years. It is expected 
to solve the challenging issue of energy supply for wireless sensors and small portable devices by eliminating 
the dependency of chemical batteries via energy harvesting. There are plentiful ambient energy sources 
including mechanical vibrations, electromagnetic radiation, human motions, and wind flows, which can be 
harvested based on reasonable devices [1-6]. Many studies have been conducted on harvesting energy from 
ambient vibrations using piezoelectric materials [7-12]. However, piezoelectric energy harvesting from wind 
energy has received relatively little attention at the same time. 
Aeroelastic energy harvesting methods and devices mainly include vortex-induced vibration (VIV) [13–
19], galloping [20–26], flutter [27–32] based energy harvesters. VIV based energy harvesters will efficiently 
work when the vortex shedding frequency becomes nearly equal to one of their natural frequencies. In 2012, 
Akaydin et al. [13] experimentally obtained a peak output power of 0.1 mW at the wind speed of 1.192 m/s 
using a VIV energy harvester. Goushcha et al. [14] explored the driving mechanisms of VIV energy harvesting 
by using the particle image velocimetry. Dai et al. [15] and Zhang et al. [16] made a complete analysis of 
different bluff bodies of VIV based energy harvesters for improving energy harvesting performance. Weinstein 
et al. [17] tested the energy harvesting performance of a piezoelectric beam in the real heating, ventilation and 
air conditioning flow. Zhang et al. [18] studied the fluid-induced vibration energy harvesting subject to different 
attack angles. Zhou and Wang [19] presented a dual serial vortex-induced vibration energy harvesting system 
for enhanced energy harvesting. Galloping occurs to a flexible base support with a bluff body [20, 21]. Ewere 
et al. [22] experimentally investigated galloping piezoelectric energy harvesters with square bluff bodies. Zhao 
et al. [23, 24] experimentally investigated the influence of bluff body shape on the energy harvesting 
performance of piezoelectric galloping energy harvesters. Abdelkefi et al. [25] deduced the distributed 
parametric model of cantilever beam galloping energy harvesters, and its efficiency was experimentally verified. 
Tan and Yan [26] presented the analytical solutions for the optimal design of galloping-based piezoelectric 
energy harvesters. 
Flutter phenomenon occurs when the frequencies of torsion and bending modes coalesce with each other 
[27, 28]. Bryant and Garcia [29] originally proposed a flutter-based aeroelastic energy harvester, and they found 
that the harvester oscillated in a limit cycle at higher wind speeds above a critical wind speed. Aquino et al. [30] 
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modeled a flutter-based aeroelastic energy harvester using Computational Fluid Dynamics (CFD) method and 
experimentally obtained a peak-to-peak output voltage of 8.72 V and a short-circuit current of 1 mA when 
subjected to the wind speed of 2.3 m/s. Wu et al. [31] designed and modeled a flutter-based aeroelastic energy 
harvester with double plunge degrees of freedom, and they pointed out that the first (windward) supporting 
device should be deployed close to the airfoil leading edge to reduce the cut-in speed.  
Recently, Yan et al. [32] used the nonlinear energy sink as an effective strategy for passive flutter control. 
This research shows that the nonlinear stiffness could obviously change the dynamic characteristics of a flutter 
system. Recently, Zhao et al. [33] presented an impact-based broadband aeroelastic energy harvester based on 
nonlinear mechanism, and experimental results verified the improvement of energy harvesting performance of 
their presented harvester. Their research demonstrates that the dynamic characteristics and the energy harvesting 
performance of galloping-based energy harvesters could be changed and improved by adding nonlinear terms. 
Meanwhile, introducing nonlinearity by adding magnets to achieve nonlinear monostable [34], bistable [35, 36], 
and tristable [37] configurations was reported to improve energy harvesting performance from base vibration. 
Nasser and Dai et al. [38, 39] investigated the vortex-induced energy harvester with introducing nonlinear 
magnetic force to enhance energy harvesting efficiency. They analyzed how the distance of magnets affect upon 
the performance of harvesters. Huynh [40] also designed a bisatble VIV energy harvester to enhance the 
displacement of structure and improve the energy harvesting performance. Alhadidi et al. [41] demonstrated a 
bistable galloping energy harvester composed by magnets to broaden the response bandwidth under varying 
flow speeds. The concept with magnetic coupling has been introduced to enhance the wind-induced energy 
harvesting efficiency, however, the related research is still rare and it need structural breakthrough for traditional 
flutter-based energy harvester. 
This paper presented a novel nonlinear magnetic-coupled flutter-based aeroelastic energy harvester 
(NMFAEH) to decrease the cut-in wind speed and enhance energy harvesting efficiency at the low wind speed 
range. Two mounted-in magnets and two external magnets are used to produce the nonlinear magnetic force, 
which could change the equivalent stiffness of the harvester and lead to a much lower critical flutter speed. A 
theoretical model of the NMFAEH is deduced based on Hamilton's principle, theory of aeroelasticity, and 
experimental measurements. Stability analysis is performed to determine the characteristics of the NMFAEH. 
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Numerical simulation and wind-tunnel experiments is performed to verify the design and theoretical analysis.  
2. Theoretical modeling 
2.1 Modeling of the NMFAEH 
The structural schematic of the presented NMFAEH is shown in Figure 1. It consists of a piezoelectric 
beam with two tip magnets, a rigid airfoil with a hinged connection to the free end of the beam, and two external 
magnets are installed in the front of the leading edge of the airfoil. Inspired from the investigation in which the 
nonlinear magnetic force is introduced for enhanced broadband energy harvesting from base vibrations [34, 36, 
42]. The angular orientation and distance of magnets can be changed to alter the nonlinear magnetic force to 
adjust the equivalent stiffness of the harvester. In this paper, different from existing flutter-based aeroelastic 
energy harvesters (FAEH), the nonlinear magnetic force produced by the interaction among two tip magnets 
and two external magnets is used to tune the dynamic characteristics of the harvester and change the critical 
flutter speed consequently. The two external magnets are symmetrically installed which is shown in Figure 1. 
The distance l between external magnets and tip magnets is initially fixed as 20 mm to insure the airfoil not to 
touch with the external magnets under its plunging movement. Based on the priori knowledge, for fixed 
orientation of the magnets, the parameter value of 124d   mm is theoretically estimated by using dipole-
dipole magnetic model [34, 36] and fine adjusted manually to produce the suitable softening nonlinear magnetic 
force in the followings. The corresponding aeroelastic equation of the motion coupled with the nonlinear 
magnetic force is developed to study the feasibility of the presented method.  
 
Figure 1. Structural schematic of the presented NMFAEH. 
5 
 
 
Figure 2. Cross-section view of the piezoelectric beam. 
In experiments, the piezoelectric patches and their copper substrates are glued on the cantilever beam at 
the clamped end, as shown in Figure 2. With the full consideration of the geometric nonlinearity induced by the 
large deformation of the beam, the nonlinear magnetic force, the aerodynamic load on the two-dimensional 
airfoil, and the external load resistance, a theoretical model is deduced based on Hamilton's principle, theory of 
aeroelasticity, Kirchhoff's laws and experimental measurements. By introducing the geometric nonlinear 
condition [43] formulated as 
21
1 2
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where  ,w x t  is the transverse deflection of the harvester and 1S  is the axial strain;  t  is the pitching 
displacement of the airfoil;  V t  is the output voltage of the harvester. The symbols  , E  and A  are the 
material density and the Young’s modulus and the cross-section the beam, respectively. The subscript b , c  and 
p  represent to the middle beam, copper substrate and piezoelectric patch, respectively. 
11
Ec  is the modulus of 
piezoelectric patch for short-circuit electrodes. 
31e  and 33
S  are the piezoelectric constant and dielectric 
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constant under the constant strain condition, respectively. pt  is the thickness of the piezoelectric patch. Fm  
is the mass of the airfoil.  
Tm  is the total mass including two tip magnets and the connection components. x  
is the static unbalance parameter which is the non-dimensional distance between the center of gravity of airfoil 
and the axis of rotation. pI  and b  are the mass moment of inertia and the semi chord length of the airfoil, 
respectively.  x  is the Dirac function of the variable x.   
 The work of the non-conservative external forces and the applied circuit is: 
    nc L M mW Q w x L Q F w x L QV  
         (3) 
where 
LQ  and MQ  are the aerodynamic lift and its moment applied on the airfoil, respectively. mF  is the 
nonlinear magnetic force acting on the tip of beam. Q  is the total electric charge on the electrodes of the 
piezoelectric transducers.  
Based on the normalized mode shapes as shown in Appendix A, the modal truncation method is introduced 
to consider the dominant first bending mode, as follows: 
      1,w x t x h t   (4) 
where the subscript 1 stands for the first normalized bending mode.  h t  is the corresponding modal 
coordinates. Then the extended Hamilton’s principle expressed as  2
1
0
t
nc
t
T U W dt       [1] can be 
applied to derive the magneto-electro-aeroelastic governing equations of the NMFAEH. The final governing 
equations are obtained, as follows: 
 
3
1 3F a h L mMh m x b C h K h K h V Q F           (5) 
 F a p Mm x bh I K Q      (6) 
 0p
V
C V h
R
     (7) 
where M  is the total equivalent mass of the piezoelectric beam. 1K  and 3K  are the equivalent linear and 
nonlinear coefficients of the stiffness, respectively.  31 1m p pz e w L    is the electromechanical coupling 
coefficient. The equivalent capacitance of the piezoelectric patches for series connection in this study is 
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, where 
pw is the width of the piezoelectric patch and pL is the length of the piezoelectric patch. 
K  is the pitching stiffness of the airfoil (it is set to zero in this paper, because there is no torsional spring in 
Figure 1). The damping coefficient 
hC  is introduced as the first order plunging damping. The airfoil is hinged 
with lubricated bearing, therefore, we didn’t add the pitching damping to the model. R  is the load resistance. 
 The output power RMS is defined as: 
 
 
2
2mV
P
R
   (8) 
where 
mV  is the amplitude of the output voltage. 
2.2 Identification of the nonlinear magnetic force  
The magnetic field is very sensitive to the relative location of the interacting magnets. Therefore, it is very 
hard to theoretically calculate the exact nonlinear magnetic force precisely with in the large deformation. The 
theoretical method in Ref. [34] and the experimental measurement in Ref. [37] were widely used. This paper 
uses a different experimental measurement method to identify the nonlinear magnetic force. The experimental 
setup is exhibited in Figure 3. In detail, a series of different weights are used to exert the horizontal pulling force 
at the tip of the beam. By utilizing a laser displacement sensor, the tip displacement of the beam can be measured 
simultaneously. So the stiffness of the beam without the magnetic force is firstly measured. Then with the 
external magnets coupling, the beam maintains the static equilibrium under the interaction of the pulling force, 
the elastic restoring force and the external nonlinear magnetic force. Therefore, the relationship between the 
external nonlinear magnetic force mF  and the tip displacement h  is experimentally identified.  
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Figure 3. Experimental set-up for the identification of the nonlinear magnetic force. 
The experimentally measured data and numerically fitted curves are shown in Figure 4. One should recall 
that the magnetic force is on the right side of Eq. (5) as an external forcing term. So the equivalent nonlinear 
restoring force which includes the contribution of the nonlinear magnetic force 
mF  and the elastic restoring 
force of the clamped piezo-beam is shown in Figure 4(a). Therefore, the magnetic force is calculated by 
subtracting the elastic restoring force from the equivalent nonlinear restoring force. The constitution between 
measured magnetic force and beam tip displacement is shown in Figure 4(b). Consequently, a polynomial 
expression is used to fit the nonlinear magnetic force, as follows: 
 3
1 3m mag magF K h K h    (9) 
where 
1 10.2magK N m  and 
34
3 1.2 10magK N m    are identified in experiments and used in 
simulations later. 
It is found in Figure 4(b) that the magnetic force is attractive in the tip displacement range of [-0.03 m, 0.03 
m]. Therefore, the harvester is softened by the magnetic field in this range. However, the magnetic field will 
harden the harvester when the tip displacement is outside the above range. It can be concluded that the nonlinear 
magnetic force could regulate the stiffness of the harvester while keeping it monostable. 
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Figure 4. (a) The equivalent nonlinear restoring force; (b) the nonlinear magnetic force . 
Figure 5 shows the potential energy and the equivalent stiffness of the NMFAEH and the FAEH. It is found 
in Figure 5(a) that the potential well of the NMFAEH is much flatter than that of the FAEH around the 
equilibrium position. This means that the NMFAEH can move to the farther distance near its equilibrium 
position when increasing the same value of potential energy. In other words, the NMFAEH may provide a larger 
deformation which will benefit the energy harvesting under a constant wind speed. The stiffness of the 
NMFAEH is softened by the attractive nonlinear magnetic force which is illustrated in Figure 5(b). Since the 
critical flutter speed of the FAEH is principally dominated by the structural stiffness, the softened effect could 
reduce the critical flutter wind speed of the NMFAEH. Therefore, the NMFAEH is more suitable to harvest 
energy in the lower wind speed range than the FAEH. As the increase of the tip displacement, the shape of the 
potential energy function of the NMFAEH becomes much steeper than that of the FAEH. This indicates that the 
stiffness of the NMFAEH is hardened by the repulsive nonlinear magnetic force in this case and protect the 
harvester against divergence. From the physical point of view, the NMFAEH will be easier to enter into limit 
cycle oscillations and have a better energy harvesting performance at the low wind speed range. 
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Figure 5. (a) Potential energy of NMFAEH and FAEH; (b) the equivalent nonlinear stiffness. 
2.3 Stall aerodynamics model 
 In the presented model, there is no torsion spring acting on the rotation axis of the airfoil. The airfoil is 
prone to the experience large angle of attack during its movement under the flutter condition, which will cause 
the aerodynamic stall phenomenon [44]. For the quasi-steady stall model, the aerodynamic force has been 
evaluated using the cubic polynomial approximation or the piecewise linear function as mentioned in Refs. [25, 
29, 45, 46]. In this work, the piecewise linear function is employed to model the aerodynamic force considering 
the stall effect, as follows: 
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where  L effC   is the quasi-steady aerodynamic lift coefficient. eff  is the effective angle of attack due to the 
instantaneous motion of the airfoil and it is given by [29]: 
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 The piecewise linear function of the aerodynamic stall lift coefficient can be expressed as: 
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where 0L  is the linear lift coefficient.  L effC   is the difference between linear and nonlinear 
components of the aerodynamic coefficient curve. 
3. Stability analysis and numerical simulation 
In order to analyze the influence of the nonlinear magnetic force, the cut-in wind speeds of the NMFAEH 
and FAEH are determined by stability analysis in this section. The energy harvesting capacity is also compared 
between NMFAEH and FAEH by time domain simulation. 
3.1 Stability analysis 
Flutter is a kind of self-excited vibrations. The critical flutter wind speed (it can also be called cut-in wind 
speed of energy harvesting) is an important parameter of the NMFAEH, which decides the lowest working wind 
speed. The cut-in wind speed mainly depends on linear aerodynamics, the linear stiffness and the damping 
coefficients, and it can be determined via the stability analysis of linear derived equations of the harvester. 
Therefore, the dimensionless terms are deduced based on above magneto-electro-aeroelastic governing 
equations, as follows: 
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Based on Wagner function approximation of Theodorsen linear aerodynamic theory, the state-space 
expression of the linear derived equations is obtained, as follows: 
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where       ,q h     is the dimensionless displacement of the airfoil.     is the dimensionless 
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output voltage.       1 2,w w w    is the state variable of the aerodynamic force. 
By far, the flutter stability analysis of NMFAEH is equivalent to the eigenvalue analysis of Eq. (14). The 
root loci can be drawn with respect to the wind speed. The sign of the real part of the eigenvalue roots under the 
given wind speed can indicate the stability of the harvester. It may increase the wind speed carefully, and the 
cut-in wind speed can be found once the real part of the eigenvalue roots changes from negative to positive for 
the first time. One branch of the root loci will cross the imaginary axis from the left half complex plane to the 
right half. After free decay vibration test [47] and preliminary simulation, the modal damping ratio is set as 
0.001h   in the theoretical analysis and simulation in this paper. The details of the geometrical and material 
properties of the presented harvester are shown in Table 1. 
Table 1. The geometrical and material properties  
Properties Symbol Value Units 
Middle beam  
Length Lb 17.5 mm 
Width wb 25 mm 
Thickness tb 0.28 mm 
Density 𝜌𝑏 7850 kg/m
3 
Young's modulus Eb 212 Gpa 
Piezoelectric Patches 
Length 𝐿𝑝 42 mm 
Width 𝑤𝑝 25 mm 
Thickness 𝑡𝑝 0.26 mm 
Density 𝜌𝑝 7500 kg/m3 
Modulus, Open circuit 𝑐11
𝐸  121 Gpa 
Piezoelectric constant 𝑒31 5.4 C/m
2 
Constant strain permittivity 𝜀33
𝑠  7.3455 nF/m 
Copper substrate length 𝐿𝑐 42 mm 
Copper substrate width 𝑤𝑐 30 mm 
Copper substrate thickness 𝑡𝑐 0.2 mm 
Copper density 𝜌𝑐 8920 kg/m
3 
Copper Young's modulus 𝐸𝑐 106 Gpa 
NACA 0012 Profile Airfoil 
Airfoil mass 𝑚𝐹 16 g 
Semichord b 40 mm 
Mass moment of inertia 𝐼𝑝 9.684 kg/mm2 
Static unbalance 𝑥𝛼 0.358  
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Mass of tip magnets and connections 𝑚𝑇 10.6 g 
Circuit 
Load resistance R 10 MΩ 
 Based on the root-locus method shown in Figure 6, the real part of the eigenvalues represents to the 
aeroelastic coupled damping coefficient of each degree of freedom, and the imaginary part represents to the 
aeroelastic coupled frequencies. The flutter boundary can be determined by the changing regularity of the real 
part’s plus-minus sign, while the flutter frequency is obtained from the imaginary part of the corresponding 
eigenvalue. It is found from Figure 6(a) that the real part’s sign of the eigenvalue in the plunging freedom 
becomes positive after the cut-in wind speed of 0.997fU   m/s, while the real parts’ sign of the eigenvalue in 
the pitching, voltage and aerodynamic force are still negative. This critical wind speed is defined to be the flutter 
speed of the NMFAEH. As shown in Figure 6 (b), the imaginary part of the eigenvalue in the plunging decreases 
along with the increase of the wind speed. The pitching frequency increases because of the additional stiffness 
caused by aerodynamic loads along with the increase of the wind speed. Meanwhile, the imaginary part of the 
eigenvalues in the plunging and pitching state-space equations are close to each other. In addition, the imaginary 
part of the eigenvalues in the voltage state-space equation is always be zero. According to the flutter frequency 
coincidence theory [44, 45], the flutter of the NMFAEH can be classified as the airfoil plunging and pitching 
coupled mode. The equilibrium position becomes unstable beyond the cut-in wind speed. In this case, the 
NMFAEH enters into limit cycle oscillations and efficiently harvest energy from the airflow. 
 
Figure 6. Eigenvalue analysis versus the wind speed for NMFAEH: (a) The real part; (b) the imaginary part. 
 In order to deeply analyze the influence of the nonlinear magnetic force, the theoretical analysis of the 
FAEH is provided in Figure 7, in which the nonlinear magnetic force is cancelled while remaining other 
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configurations. Its cut-in wind speed can be obtained to be 1.913fU   m/s, which is much higher than that of 
the NMFAEH. It is found from the equivalent stiffness above that softened magnetic force decreases the 
plunging frequency, therefore, the plunging and pitching mode is more likely to be coupled as shown in Figure 
6 (b) and Figure 7 (b). As a result, the flutter of the NMFAEH occurs at the lower wind speed, which is almost 
50% lower than that of the FAEH. This indicates that the NMFAEH can efficiently harvest energy from a lower 
wind speed range.  
 
Figure 7. Eigenvalue analysis versus the wind speed for FAEH: (a) The real part; (b) the imaginary part. 
3.2 Time-domain simulation 
By substituting Eqs. (9) - (12) into Eqs. (5) - (7), the nonlinear magneto-electro-aeroelastic governing 
equations for the NMFAEH are deduced. Both the NMFAEH and the FAEH are numerically simulated using 
the Runge-Kutta method based on MATLAB software to predict the dynamic response and the output voltage 
of the harvesters.  
Figure 8 shows the effect of the load resistance for different wind speeds cases on energy harvesting 
performance. It can be obtained from Figure 8 (a) that for each wind speed case the output voltage amplitude 
firstly increases with the increasing of the load resistance then tends to a constant value. In figure 8 (b), the 
optimal load resistance which leads to the maximum power output can be found between 106 Ω and 107 Ω(the 
value is 
1
opt
p
R
C 
  as given in Ref. [29], where   is the angular frequency of flutter limit cycle oscillations 
(LCOs)). For flutter-based magnetic-coupled energy harvesting, the aerodynamic force and the magnetic force 
will bring additional equivalent stiffness and damping to the harvester. Therefore, the optimal load resistance 
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shifts to a smaller one with the increasing of the wind speed as a result of the increasing of the LCO frequency 
shown in Figure 8 (c). Meanwhile, in Figure 8 (d), the optimal load resistance slightly leads to a 2% increase of 
linear flutter speed (with respect to that of 109 Ω nearly open-circuit condition) due to the shunt damping effect 
of the piezoelectric transducer [5]. However, the value of the electromechanical coupling coefficient in this 
study is 1.36×10-2 mN/V which is a weakly coupled factor. Therefore, the load resistance has no considerable 
impact on linear flutter speed and dynamic responses in this study. This was also verified by Refs. [27, 29, 31]. 
 
Figure 8. Variations of three wind speed cases: (a) Output voltage amplitude; (b) power RMS;  
(c) flutter LCO frequency; (d) flutter speed versus load resistance. 
Figure 9 shows the time-domain output voltage of the NMFAEH and the FAEH for different wind speeds, 
and each case begins from the same initial condition. In Figure 9 (a), the wind speed is lower than the cut-in 
wind speed of both the NMFAEH and the FAEH. It is found that the output voltage finally attenuates to nearly 
zero. When the wind speed is higher than the cut-in wind speed of the NMFAEH while being lower than that of 
the FAEH, it is observed in Figure 9 (b) that the movement of NMFAEH transforms into stable limit cycle 
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oscillations which will lead to the large-amplitude output voltage. However, the responses are dissipated and 
the output voltage of the FAEH are relatively small at the same wind speed.  
The output voltage increases along with the increase of the wind speed. As shown in figure 9 (b), (c) and 
(d), the output voltage amplitude of the NMFAEH is 12.48 V, 25.83 V and 32.54 V for U=1.1 m/s, U=2.0 m/s 
and U=2.6 m/s, respectively. When the wind speed exceeds the cut-in wind speed of the FAEH, it begins to 
efficiently work. The output voltage amplitude of the FAEH is respectively 17.45 V and 30.34 V for U=2.0 m/s 
and U=2.6 m/s, as shown in Figure 9 (c) and (d), which is 8.38 V and 2.2 V smaller than that of the NMFAEH. 
The comparison of output voltage between the NMFAEH and the FAEH can be more concisely observed by the 
trajectory obit shown in Figure 10. Then the output power of harvester can be calculated by Eq. (8). The 
bifurcation diagram is illustrated in Figure 11. It is evident that the NMFAEH can produce larger output voltage 
and power in the low wind speed range of 1 m/s ~ 2.8 m/s. 
Briefly speaking, from the time-domain simulations, it is found that the cut-in wind speed of the NMFAEH 
is lower than that of the FAEH. Meanwhile, the output voltage of the NMFAEH is larger than the latter at the 
low wind speed range. This further verifies that the nonlinear magnetic force can be introduced to adjust the 
characteristics of the flutter-based harvesters and enhance its energy harvesting efficiency in the low wind speed 
range.  
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Figure 9. Numerical time-domain output voltage of the NMFAEH (red) and the FAEH (blue) 
at the wind speed: (a) U=0.7m/s; (b) U=1.1m/s; (c) U=2.0m/s; (d) U=2.6m/s. 
 
Figure 10. Trajectory plot of the output voltage of the NMFAEH (red) and the FAEH (blue) 
at the wind speed: (a) U=0.7m/s; (b) U=1.1m/s; (c) U=2.0m/s; (d) U=2.6m/s. 
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Figure 11. Simulation results between NMFAEH and FAEH: (a) Output voltage and (b) power RMS. 
4. Experimental verification 
4.1 Wind tunnel experimental verification 
In order to verify the theoretical model and analytical analysis, experimental validation is carried out in 
this section. Front view and side view of experimental setup are shown in Figure 12 (a) and (b), respectively. 
The middle substrate of the piezoelectric beam is made of stainless steel. Two piezoelectric patches with copper 
substrates are pasted to the clamped end of the cantilever beam by using the epoxy resin. The two-dimensional 
airfoil is made of balsa-wood and its profile is NACA0012. The part of the hinged connection is fabricated by 
a 3-D printer. The piezoelectric beam is clamped at a base aluminum alloy structure. The NMFAEH is fixed at 
the test chamber of a wind tunnel. The length direction of the piezoelectric beam is in the same direction of the 
wind flow. The gravitational force of the two-dimensional airfoil has no influence on the NMFAEH, because 
the piezoelectric beam horizontally oscillates. A precision anemometer (Testo 416) is installed in the entry of 
the wind flow to timely measure the wind speed. An oscilloscope (TektronixTM TDS 1002) is used to display 
and measure the output voltage.  
19 
 
 
Figure 12. Experimental setup: (a) Front view; (b) side view. 
 Based on the stability analysis and the numerical simulation, the wind speed range of 0.6 m/s-3.1 m/s is 
selected in experiments. Figure 13 shows the numerical and experimental output voltage and the mean square 
root of the output power along with the increase of the wind speed of the NMFAEH. It is found in Figure 13 
that the equilibrium position is stable when the wind speed is smaller than the cut-in wind speed and the 
oscillation of the NMFAEH attenuates to zero. The real part of the eigenvalues of the NMFAEH increases to a 
positive value when the wind speed is larger than the cut-in wind speed. In this case, the equilibrium position 
becomes unstable from stable status. Self-sustained vibration occurs in the NMFAEH and the vibration promptly 
surges. With the increase of the vibration amplitude, the attractive nonlinear magnetic force converts into 
repulsion and hardens the stiffness of the harvester. Therefore, the stable limit cycle oscillation grows out. The 
voltage bifurcation diagram and the power bifurcation diagram of the NMFAEH show supercritical flutter 
characteristics, corresponding to the supercritical Hopf bifurcation of the nonlinear system. The NMFAEH 
begins to efficiently harvest energy from wind flows at the wind speed of 1.1 m/s and produce large-amplitude 
output voltage. This can be used to explain the working mechanism of the NMFAEH. 
Figure 14 shows comparison of the flutter frequency in both simulations and experiments. It is found that 
the flutter frequency of the NMFAEH increases slightly along with the increase of the wind speed. A very good 
agreement between numerical simulations and experimental results is shown in Figures 13 and 14. The error 
may be caused by the measurement and identification of the nonlinear magnetic force. 
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Figure 13. Bifurcation diagrams versus wind speeds: (a) Output voltage and (b) power RMS. 
 
Figure 14. Comparison of the flutter frequency in simulations and experiments. 
4.2 Comparison with the FAEH 
Figure 15 and 16 show the experimental comparison of the time-domain output voltage and the 
corresponding equivalent trajectory obit of the NMFAEH and the FAEH. As shown in Figure 15 (a), it is found 
that the NMFAEH already enters into limit cycle oscillations at the wind speed of U=1.2 m/s, and the output 
voltage amplitude is 14.72V. However, the oscillation orbit of the FAEH almost decays to zero, and it cannot 
efficiently harvest energy. As the wind speed increases to 1.9 m/s in theoretical analysis, the FAEH begins to its 
limit cycle oscillations and output large-amplitude voltage in experiments. Meanwhile, its output voltage is still 
smaller than that of the NMFAEH. For example, the output voltage amplitude of the NMFAEH is 28.28V and 
31.13V at the wind speed of 2.4 m/s and 2.8 m/s, respectively, as shown in Figure 15 (b) and Figure 16 (a). 
Meanwhile, the output voltage amplitude of the FAEH is 18.86 V and 27.40 V respectively at the above two 
wind speeds. Compared with the FAEH, the output voltage increases to 149.9% and 113.6%, respectively. The 
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difference in the output voltage between the NMFAEH and the FAEH is gradually decreasing along with the 
increase of the wind speed, which is affected by the nonlinear magnetic force. In the relative small wind speed 
range, the tip displacement of the NMFAEH mainly locates in the attractive magnetic force range. As the wind 
speed increases, the aerodynamic force will excite it into the repulsive range in which the nonlinear magnetic 
force hardens the stiffness.  
In order to protect the experimental device, the maximum wind speed is set as 3.1 m/s. As shown in Figure 
16 (b), although the FAEH has a larger output voltage (37.79V) than that of the NMFAEH (33.06V) when the 
wind speed is 3.1 m/s, the observed deformation of the cantilever beam of the former is very large which may 
damage the piezoelectric ceramics of the harvester. This indicates that one can reduce the structural stiffness of 
the FAEH to decrease the cut-in wind speed and enhance the energy harvesting efficiency. However, the 
excessive structural deformation is dangerous to the harvester when the wind speed is too large. The NMFAEH’s 
smaller deformation at the large wind speed will protect its structure safety. 
 
Figure 15. Experimental comparison of the NMFAEH and the FAEH, time history and the orbit of the output 
voltage: (a) U=1.2 m/s; (b) U=2.4 m/s. 
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Figure 16. Experimental comparison of the NMFAEH and the FAEH, time history and the orbit of the output 
voltage: (a) U=2.8 m/s; (b) U=3.1 m/s. 
Figure 17 shows the output voltage amplitude of both the NMFAEH and the FAEH versus wind speed. It 
is experimentally found that the cut-in wind speed of the NMFAEH is in the vicinity of 1 m/s, while the cut-in 
wind speed of the FAEH is about 1.9 m/s, which are quite consistent with the theoretical results. This 
demonstrates that the cut-in wind speed can be reduced by the additional nonlinear magnetic force to the 
harvester. Therefore, the NMFAEH can efficiently harvest energy from the low wind speed range of 1 m/s ~ 1.9 
m/s, while the efficiency of the FAEH is very low and its output voltage is nearly zero in the same range. More 
importantly, experimental results show that the NMFAEH has a larger output voltage and a better energy 
harvesting efficiency than the traditional FAEH in the wind speed range of 1 m/s~ 2.9 m/s. The better 
performance of the NMFAEH can be calculated through a quantitative indicator defined as: 
 
0
TU
U
PdU     (15) 
This indicator denotes to the surrounded area by the power RMS and the wind speed, which can be used to 
reflect the capability of energy harvesting in the wide wind speed range of 0.6 m/s ~ 3.1 m/s. The surrounded 
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area of the NMFAEH and the FAEH is 0.070 mWm/s and 0.040 mWm/s, respectively. This shows that the 
NMFAEH can generate more power for the same wind speed situation. The indicator reveals that the energy 
harvesting performance with the magnetic force coupling increased to 175% than that of the FAEH. Therefore, 
the presented NMFAEH can enhance energy harvesting at low wind speeds. Simulation predictions which are 
0.0793 mWm/s for the NMFAEH and 0.0567 mWm/s for the FAEH also demonstrate good agreement with 
experimental results. 
 
Figure 17. Comparison of bifurcation diagrams between the NMFAEH and the FAEH:  
(a) output voltage; (b) power RMS 
5. Conclusions 
In this paper, a novel nonlinear magnetic-coupled flutter-based aeroelastic energy harvester (NMFAEH) is 
presented. The nonlinear magnetic force is experimentally modeled and the magneto-electro-aeroelastic 
governing equations of the NMFAEH are theoretically established. The influence of the nonlinear magnetic 
force on the harvester is analytically investigated. Stability analysis and numerical study show that the 
NMFAEH has a lower cut-in wind speed for large-amplitude limit cycle oscillations and is more efficient in the 
low wind speed range than the FAEH. Experimental verifications are performed in the range of 0.6 m/s ~ 3.1 
m/s for the NMFAEH and the FAEH. The results demonstrate that the NMFAEH has a low cut-in wind speed 
(about 1 m/s) which is almost 50% lower than that of the FAEH. This is very beneficial for aeroelastic energy 
harvesting at low wind speed conditions. Moreover, in the wind speed range of 1 m/s ~ 2.9 m/s, the output 
voltage and power of the NMFAEH is larger. The comprehensive indicator shows that the presented NMFAEH 
enhanced energy harvesting performance to 175%, comparing to the FAEH, which indicates that the nonlinear 
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magnetic force broadens the effective wind speed range and improves the energy harvesting efficiency of flutter-
based aeroelastic energy harvester. Meanwhile, the results demonstrate that the NMFAEH is more capable to 
harvest energy in the low wind speed range.  
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Appendix A 
In the presented model, the piezoelectric beam can be taken as a stepped beam with two different sections 
as shown in Figure 2. Therefore, we can assume the beam mode shapes of the two different parts as  a x  and 
 b x  separately, as follows: 
         1 2 3 4cos sin cosh sinh , ,a a a a a a a a a p bx C x C x C x C x x L L              (A1) 
         1 2 3 4cos sin cosh sinh , 0,b b b b b b b b b px C x C x C x C x x L              (A2) 
 At the joint part, the continuous condition of the displacement, the angle of rotation, the bending moment 
and the shear force, combined with the boundary conditions simultaneously are defined as:   
    0, 0,a a b a a bD L D L     (A3) 
    0 0, 0 0,b b     (A4) 
        , ,a p b p a p b pL L L L       (A5) 
        , .a a p b b p a a p b b pD L D L D L D L          (A6) 
where  a
a aD m

   and b
b bD m

  .   is the natural frequency of the beam. am  and bm  are the 
mass per unit length of the first and second parts of the piezoelectric beam, respectively. aD  and bD  are the 
bending stiffness of the first and second parts of the piezoelectric beam, respectively. By substituting the 
assumed mode shapes into Eqs. (A3)-(A6), the orthogonal modes of the variable cross-section beam in this 
paper can be obtained.  
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